Information transfer from incoherently radiating objects by Helstrom, C. W.
Informat ion  Transfer  from Incoherent ly  Radia t ing  Objec ts  
Ca r l  W. Helstrom* 
Department of Applied Phys ics  and Information Science 
Un ive r s i t y  of C a l i f o r n i a ,  San Diego 
La J o l l a ,  C a l i f o r n i a  92037 
, - 0 b' 00 7- 077 
ABSTRACT 
The mutual in format ion  between t h e  r ad i ance  of an incohe ren t ly  
r a d i a t i n g  o b j e c t  p lane  and t h e  f i e l d  a t  t h e  a p e r t u r e  of an observing 
system is  c a l c u l a t e d  on a  c l a s s i c a l  b a s i s .  A formula of t h e  Shannon 
type  i s  obta ined  when t h e  time-bandwidth product  of t h e  o b j e c t  l i g h t  
is  l a r g e ,  t h e  average r ad iance  from t h e  o b j e c t  p l ane  i s  smal l  enough 
t o  permit  t h e  threshold  approximation, and t h e  r ad i ance  of t h e  o b j e c t  
p lane  is  modeled a s  a  s p a t i a l  gauss ian  process .  It inc ludes  t h e  
A 
dependence on t h e  bandwidth df t h e  o b j e c t  l i g h t  and t h e  e f f e c t i v e  
temperature $f t h e  background, assumed s p a t i a l l y  and temporal ly  
white .  A set of s u f f i c i e n t  s t a t i s t i c s  f o r  t h e  a p e r t u r e  f i e l d ,  based 
on Four i e r  sampling of t h e  o b j e c t  p lane ,  i s  in t roduced ,  and i t s  
bear ing  on t h e  r e s o l u t i o n  of f i n e  d e t a i l s  of the  o b j e c t  i s  brought 
o u t ,  
d9". 
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The i n f o r m a t i o n  c o n t e n t  of o p t i c a l  images h a s  m o s t l y  been c a l c u l a t e d  on 
t h e  assumpt ion  t h a t  b o t h  t h e  d e s i r e d  image and t h e  c o r r u p t i n g  n o i s e  can  b e  
d e s c r i b e d  as independen t  and a d d i t i v e  g a u s s i a n  random p r o c e s s e s .  '-lo The r e s u l t  
is  a  fo rmula  of t h e  t y p e  i n t r o d u c e d  by Shannon f o r  t h e  c a p a c i t y  of a  band- l imi ted  
11 
channe l  w i t h  a d d i t i v e  g a u s s i a n  n c i s e .  It h a s  been g e n e r a l l y  r e c o g n i z e d  t h a t  
t h e  assumpt ion  of a d d i t i v i t y  and g a u s s i a n  s t a t i s t i c s  i s  open t o  o b j e c t i o n  when 
a p p l i e d  t o  a n  i n c o h e r e n t l y  r a d i a t i n g  o b j e c t  and t o  an  image t r e a t e d  as a n  
8 i l l u m i n a n c e  o r  as t h e  d e n s i t y  of developed pho tograph ic  f i l m .  Only t r e a t m e n t s  
based on  photon s t a t i s t i c s ,  ''-I4 and t h o s e  l i m i t e d  t o  c o h e r e n t  l i g h t ,  have 
avoided t h i s  a ssumpt ion .  
Under a  c l a s s i c a l  t h e o r y  of l i g h t  t h e  i n f o r m a t i o n  i n  a n  image c a n  b e  no 
g r e a t e r  t h a n  t h a t  p r e s e n t  i n  t h e  v a l u e s  of t h e  e l e c t r o m a g n e t i c  f i e l d  a t  t h e  
a p e r t u r e  o f  t h e  image-forming o p t i c a l  i n s t r u m e n t  d u r i n g  t h e  i n t e r v a l  of obse rva-  
t i o n .  T h i s  a p e r t u r e  f i e l d  h a s  two a d d i t i v e  components, t h e  l i g h t  from t h e  
o b j e c t  p l a n e  and t h e  random background l i g h t .  The f i e l d  c r e a t e d  by a n  i n c o h e r e n t l y  
r a d i a t i n g  o b j e c t  p l a n e  c a n n o t ,  however, b e  p r e c i s e l y  c o n t r o l l e d  by a  t r a n s m i t t e r  
of i n f o r m a t i o n .  Only th rough  t h e  r a d i a n c e  of t h e  o b j e c t  p l a n e  can  i n f o r m a t i o n  
be  impar ted  t o  t h e  i n c o h e r e n t  l i g h t  e m i t t e d .  The o b j e c t  f i e l d  i t s e l f  i s  a  
s p a t i o - t e m p o r a l  g a u s s i a n  random p r o c e s s  whose mutua l  coherence  f u n c t i o n  depends 
on t h e  r a d i a n c e  of t h e  o b j e c t  p l a n e .  Although t h e  background l i g h t  can  be  
t r e a t e d  a s  g a u s s i a n  n o i s e ,  i t  does  n o t  add d i r e c t l y  t o  t h e  in format ion-bear ing  
q u a n t i t i e s  f o r  t h e  o b j e c t  l i g h t ,  which a r e  t h e  v a l u e s  of i t s  mutual  coherence  
f u n c t i o n  and n o t  t h e  o b j e c t  f i e l d  i t s e l f .  The model of an  a d d i t i v e  g a u s s i a n  
channe l  c a n n o t ,  t h e r e f o r e ,  b e  s imply a p p l i e d .  S i n c e  o n l y  t h e  o b j e c t  r a d i a n c e  
can b e  c o n t r o l l e d ,  t h e  mutual  i n f o r m a t i o n  of s i g n i f i c a n c e  i s  n o t  t h a t  between t h e  
f i e l d  a t  t h e  o b j e c t  p l a n e  and t h e  f i e l d  $ (I-, t )  a t  t h e  a p e r t u r e  of t h e  o b s e r v i n g  
a  
sys tem.  R a t h e r ,  i t  i s  t h a t  between t h e  r a d i a n c e  B(u) - of t h e  o b j e c t  p l a n e  and 
t h e  f i e l d  q a ( r ,  t ) ;  we d e n o t e  i t  by I ( B ;  $ ). 
a  
In  t h i s  paper  we s h a l l  show how t o  c a l c u l a t e  t h e  mutual  i n f o r m a t i o n  
1 )  At t h e  end a fo rmula  of t h e  Shannon t y p e  w i l l  b e  o b t a i n e d ,  b u t  t h e  
advan tage  of t h i s  t r e a t m e n t  is  t h a t  t h e  approx imat ions  n e c e s s a r y  are c l e a r l y  
brought  o u t .  There  are t h r e e  p r i n c i p a l  a ssumpt ions  r e q u i r e d .  (1 )  The t i m e  T  
d u r i n g  which t h e  f i e l d  is  observed is  much g r e a t e r  t h a n  t h e  r e c i p r o c a l  o f  t h e  
bandwidth W of t h e  o b j e c t  l i g h t ;  WT >> 1. ( 2 )  The a v e r a g e  t o t a l  energy  E r e c e i v e d  
from t h e  o b j e c t  p l a n e  d u r i n g  t h e  o b s e r v a t i o n  must b e  much less t h a n  NMMT, where N 
is  t h e  s p e c t r a l  d e n s i t y  o f  t h e  background l i g h t  and M i s  t h e  number of s p a t i a l  de- 
g r e e s  o f  freedom i n  t h e  a p e r t u r e  f i e l d .  (3 )  The o b j e c t  r a d i a n c e  B(u) i s  t r e a t e d  as 
- 
a s p a t i a l  g a u s s i a n  random p r o c e s s ,  a n  assumpt ion  r e q u i r i n g  low c o n t r a s t  i n  t h e  
o b j e c t  p l a n e  i n  o r d e r  t o  avo id  n e g a t i v e  v a l u e s  o f  t h e  r a d i a n c e .  
The second assumpt ion ,  t h a t  F/NMWT << 1, u n d e r l i e s  t h e  a p p l i c a t i o n  o f  t h e  
t h r e s h o l d  approx imat ion  t o  d e t e r m i n i n g  t h e  d e t e c t a b i l i t y  of i n c o h e r e n t l y  r a d i a t i n g  
o b j e c t s , 1 5  as w e l l  as t o  c a l c u l a t i n g  t h e i r  i n f o r m a t i o n  t r a n s f e r .  The number M i s  
where A  is t h e  a r e a  o f  t h e  a p e r t u r e ,  A t h e  a r e a  of t h e  o b j e c t  p l a n e ,  X t h e  dominant 
0 
wavelength  of t h e  o b j e c t  l i g h t ,  assumed quasimonochromatic,  and R t h e  d i s t a n c e  o f  
t h e  o b j e c t .  I n  t e rms  o f  t h e  a v e r a g e  r a d i a n c e  B of  t h e  o b j e c t  p l a n e ,  
and t h e  c r i t i c a l  r a t i o  
- 
E/NMWT = (ZINW) ( ~ ~ 1 4 ~ )  < <  1 
is  independent  of t h e  o b s e r v a t i o n  t i m e ,  t h e  s i z e s  of o b j e c t  p l a n e  and a p e r t u r e ,  
and the  d i s t a n c e  between them. The r a t i o  B/w i s  t h e  average r ad iance  s p e c t r a l  
dens i ty  of t h e  o b j e c t  l i g h t  (watts/cm2 H z ) ,  and N = K T ,  where K is  Boltzmann's 
cons t an t  and i s  t h e  e f f e c t i v e  a b s o l u t e  temperature of t h e  background l i g h t .  
The mutual in format ion  I (B;  I) ) r e f e r s  t o  a  c l a s s  o r  ensemble of p a t t e r n s  a  
B(u) of rad iance  i n  t h e  o b j e c t  p l ane ,  no t  t o  a  s i n g l e  p a t t e r n  o r  scene.  Although 
- 
a t  t h e  end of our a n a l y s i s  t h i s  ensemble w i l l  be  taken  a s  made up of gauss i an  
s p a t i a l  random processes ,  i t  i s  convenient  t o  t h ink  of i t  dur ing  t h e  a n a l y s i s  a s  
a d i s c r e t e  s e t  of p a t t e r n s ,  each of which r e p r e s e n t s  a symbol of some a lphabe t  
i n t o  which messages have been coded. The o p t i c a l  ins t rument  i s  then  t r e a t e d  a s  
a  dev ice  t h a t  must dec ide ,  on t h e  b a s i s  of i t s  a p e r t u r e  f i e l d  I) ( r ,  t )  d u r i n g  
a  - 
an obse rva t ion  i n t e r v a l  (0, T) ,  which of t h e  ensemble of p a t t e r n s  B(9) is  a c t u a l l y  
p re sen t .  I t  bases  t h i s  d e c i s i o n  on a  s e t  of l i k e l i h o o d  r a t i o s , 1 7  each cor res -  
ponding t o  one of t h e  p o s s i b l e  r ad i ance  p a t t e r n s  B(2).  
Under assumptions (1)  and (2) ,  t h e s e  l i k e l i h o o d  r a t i o s  can be expressed i n  
terms of a  s e t  of s u f f i c i e n t  s t a t i s t i c s  t h a t  depend q u a d r a t i c a l l y  on t h e  a p e r t u r e  
f i e l d  and con ta in  a l l  t h e  informat ion  i n  i t  r e l e v a n t  t o  dec id ing ,  i n  t h e  presence  
of whi te  gauss ian  background l i g h t ,  which among t h e  ensemble of r ad i ance  p a t t e r n s  
B(9) c u r r e n t l y  e x i s t s  over  t h e  o b j e c t  p lane .  These s t a t i s t i c s  a r e ,  i n  t h i s  
approximation, independent gauss ian  random v a r i a b l e s .  The mutual in format ion  
I(B;  Qa) can be  expressed i n  terms of them, and when assumption (3 )  ho lds ,  t h e  
Shannon-type formula f o r  I (B;  I) ) i s  e a s i l y  obta ined .  
a 
I n  t h i s  way, t h e  t ransmiss ion  of in format ion  from o b j e c t  p lane  t o  
observing instrument  can be  regarded a s  t ak ing  p l a c e  v i a  a  l a r g e  number--roughly 
WT--of independent ,  a d d i t i v e  gauss ian  channels .  The channels  correspond t o  what 
18 has been c a l l e d  Fourier sampling of t h e  o b j e c t  p l ane ,  and channels  a s s o c i a t e d  
wi th  t h e  f i n e r  d e t a i l s  i n  t h e  o b j e c t  posses s the  sma l l e r  e f f e c t i v e  s igna l - to-noise  
r a t i o s .  For d e t a i l s  sma l l e r  then t h e  convent iona l  r e s o l u t i o n  l i m i r  ARID-- 
R = d i s t a n c e  of o b j e c t ,  D = diameter of aper ture-- ,  t h e  s igna l - to -noise  r a t i o s  
a r e  van i sh ing ly  s m a l l ,  and informat ion  a s s o c i a t e d  w i t h  them i s  l o s t .  Th i s  
a s p e c t  of t h e  a n a l y s i s  b e a r s  o u t  conc lus ions  about  t h e  r e s o l v a b i l i t y  
of f i n e  d e t a i l s  i n  t h e  o b j e c t  p lane .  1 8  
I.  The Object P lane  a s  a  Transmi t te r  of Information 
A s  mutual in format ion  is  most d i r e c t l y  i n t e r p r e t a b l e  i n  terms of communi- 
c a t i o n ,  i t  is  u s e f u l  t o  cons ider  t h e  o b j e c t  p lane  0  a s  p a r t  of a  communication 
system t r a n s m i t t i n g  messages t o  a  d i s t a n t  r e c e i v e r ,  a s  shown i n  F ig .  1. Because 
the  o b j e c t  p lane  r a d i a t e s  i ncohe ren t ly ,  t h e  t r a n s m i t t e r  can c o n t r o l  only i t s  
r ad iance ,  no t  t h e  a c t u a l  v a l u e s  of t h e  e lec t romagnet ic  f i e l d  t h a t  i t  r a d i a t e s .  
I n  sending messages, t h e  t r a n s m i t t e r  s e l e c t s  r ad i ance  p a t t e r n s  B(;) from a  
predetermined s e t ,  each p a t t e r n  corresponding t o  a symbol of some a lphabet  i n t o  
which messages have been coded. The p a t t e r n s  a r e  changed every T  seconds a s  
new message symbols appear .  
The r e c e i v e r  i s  an  o p t i c a l  instrument  admi t t i ng  t h e  l i g h t  from 0  through 
an  a p e r t u r e  A. It knows t h e  p a t t e r n s  B(;) and t h e  symbols f o r  which they  s t and .  
It must be a b l e  t o  dec ide  which p a t t e r n s  B(2) have been exposed a t  t h e  o b j e c t  
p l ane  du r ing  some sequence of i n t e r v a l s ,  each of d u r a t i o n  T. It i s s u e s  a s t ream 
of symbols i d e n t i f y i n g  t h e  p a t t e r n s  i t  b e l i e v e s  were t r ansmi t t ed ,  and a  sub- 
sequent  decoder i n t e r p r e t s  them i n  terms of messages t h a t  might have been s e n t ,  
occas iona l ly  making e r r o r s  because t h e  r e c e i v e r  decided i n c o r r e c t l y  about some 
of t h e  p a t t e r n s .  The r e c e i v e r  bases  i t s  d e c i s i o n s  on t h e  v a l u e s  of t h e  f i e l d  
$ a ( ~ ,  t )  a t  i t s  a p e r t u r e ,  p rocess ing  it--as by l e n s e s ,  s t o p s ,  and a  pho tosens i t i ve  
surface-- in  such a  way a s  t o  make t h e  d e c i s i o n s  wi th  minimum p r o b a b i l i t y  of 
e r r o r . 1 7  The mutual in format ion  of s i g n i f i c a n c e  i s  t h a t  between t h e  ensemble of 
r ad i ance  p a t t e r n s  B(y) and t h e  f i e l d  va lues  $ ( r  t )  a t  t h e  a p e r t u r e .  I n  calcu-  
a N' 
l a t i n g  i t  we s h a l l  assume f o r  s i m p l i c i t y  a  c l a s s i c a l  and s c a l a r  theory of t h e  
e lec t romagnet ic  f i e l d .  
The f i e l d  i s o ( u ,  - t )  immediately i n  f r o n t  of t h e  o b j e c t  p l ane  0 i s  a  
19  
circular-complex gauss ian  spat io- temporal  s t o c h a s t i c  p roces s ,  quasimonochromatic 
and having a  c e n t r a l  frequency $ 2 1 2 ~  = c/X; c  i s  t h e  v e l o c i t y  of l i g h t  and X t h e  
dominant wavelength. The mean va lues  of t h e  f i e l d  a r e  zero ;  i t s  s t a t i s t i c a l  
d i s t r i b u t i o n s  a r e  determined e n t i r e l y  by i t s  mutual coherence func t ion  15 ,20  
where B(u) i s  t h e  r ad i ance  of t h e  o b j e c t  p lane  and X ( T )  i s  t h e  temporal coherence 
f u n c t i o n ,  normalized so  t h a t  ~ ( 0 )  = 1. A l l  p a t t e r n s  have t h e  same c o l o r ;  t h e  
temporal coherence f u n c t i o n  X ( T )  i s  i n v a r i a b l e .  The two-dimensional d e l t a -  
f u n c t i o n  6(u l  - u2)  i n d i c a t e s  t h e  absence of c o r r e l a t i o n  between f i e l d  v a l u e s  
..A 
a t  p o i n t s  separa ted  by d i s t a n c e s  much sma l l e r  t han  t h e  e x t e n t  of s i g n i f i c a n t  
d e t a i l s  i n  t h e  p a t t e r n s  B(u), i n  accordance wi th  t h e  incoherent  n a t u r e  of t h e  
emi t ted  l i g h t .  
The bandwidth W of t h e  o b j e c t  l i g h t  i s  convenient ly  de f ined  by 15 
where 
i s  i t s  s p e c t r a l  d e n s i t y ,  wi th  angu la r  f r equenc ie s  w r e f e r r e d  t o  R = 2~rc/X. This  
bandwidth W f o r  n a t u r a l  sources  of l i g h t  i s  so  g r e a t  t h a t  any e f f e c t i v e  means 
of a l t e r i n g  t h e  rad iance  B(u) r e q u i r e s  a  t ime much longer  than  1 / W ,  and we can 
-. 
assume t h a t  each p a t t e r n  i s  exposed f o r  a  time T  >> 1/8. The b a s i c  obse rva t ion  
i n t e r v a l  f o r  each t r ansmi t t ed  symbol can h e  taken as (O, T), and t h e  mutual 
in format ion  w i l l  b e  r e f e r r e d  t o  t h i s  i n t e r v a l  of T  seconds'  du ra t ion .  
11. The Representa t ion  of t h e  Aperture  F i e ld  
The f i e l d  t )  a t  t h e  a p e r t u r e  A c o n s i s t s  of two independent p a r t s ,  
t h e  f i e l d  $ ~ ~ ( r ,  t )  of t h e  l i g h t  from t h e  o b j e c t  p l ane ,  and t h e  background f i e l d  
$n(:. t ) :  
$a( r ,  t )  = qs( f '  t )  + $ n ( ~ ,  t ) *  (2 1 )  
Both a r e  c i rcular-complex gauss i an  random p roces se s .  l9 The mutual coherence 
f u n c t i o n  of t h e  a p e r t u r e  f i e l d  has  two corresponding terms,  
+ N 6 ( r l  - r 2 )  6 ( t l  - t 2 ) ,  (2 2) 
t h e  former r e f e r r i n g  t o  t h e  o b j e c t  l i g h t ,  o r  s i g n a l ,  t h e  l a t t e r  t o  t h e  back- 
ground l i g h t ,  or no i se .  
The s p a t i a l  coherence f u n c t i o n  ( r l ,  r 2 )  of t h e  l i g h t  from t h e  o b j e c t  
s 
p l ane  depends on t h e  concur ren t  r ad i ance  d i s t r i b u t i o n  B(g), 
where S(g,  u) i s  t h e  point-spread f u n c t i o n  f o r  l i g h t  propagat ing from o b j e c t  t o  
ape r tu re .15  We suppose t h e s e  s epa ra t ed  by such a  long  d i s t a n c e  R t h a t  t h e  r a y s  
from t h e  o b j e c t  can be  t r e a t e d  a s  p a r a x i a l ,  and t h e  point-spread f u n c t i o n  i s  t o  
good approximation 
S(5 ,  2 )  = ( i k / 2 ~ ~ )  exp[ikR + i k l r  - 111~/2~3.  
Then t h e  s p a t i a l  coherence func t ion  of t h e  o b j e c t  l i g h t  i s  
where 
B(f) = B(u) exp(- i k  m * g / R )  d2, 
i s  t h e  Four i e r  t ransform of t h e  o b j e c t  r ad i ance  B(u).  The t o t a l  energy E 
rece ived  from t h e  o b j e c t  dur ing  a t y p i c a l  obse rva t ion  i n t e r v a l  (0 ,  T) is  
E = T  e s ( r .  f )  d2f = B(0) A T / ~ T R ~ ,  
where rw 
i s  t h e  i n t e g r a t e d  r ad iance  of t h e  o b j e c t  p lane .  
The second term i n  Eq. (2.2) is  t h e  mutual  coherence f u n c t i o n  of t h e  back- 
ground l i g h t ,  which has  a  d i s t r i b u t i o n  i n  frequency and ang le  much broader  than  
t h a t  of t h e  o b j e c t  l i g h t  and i s  taken a s  s p a t i a l l y  and temporal ly  whi te .  Its 
s p e c t r a l  d e n s i t y  N i s  i n  our  p re sen t  u n i t s  equal  t o  KT. 
I n  o r d e r  t o  d e a l  wi th  t h e  p r o b a b i l i t y  d e n s i t y  func t ions  of t h e  a p e r t u r e  
f i e l d  $ ( r ,  t ) ,  we must express  i t  i n  terms of a  countable  s e t  of random v a r i a b l e s .  
a 
To t h i s  end we expand t h e  f i e l d  i n  a  s e r i e s  of func t ions  orthonormal over  t h e  
a p e r t u r e  A and over  t h e  obse rva t ion  i n t e r v a l  (0 ,  T) .  S ince  a l l  t h e  p a t t e r n s  have 
t h e  same temporal coherence func t ion  x ( T ) ,  i t  i s  convenient t o  w r i t e  $ ( r ,  t) 
a 
i n  terms of t h e  e igen func t ions  y ( t )  of t h e  i n t e g r a l  equat ion  
m 
and we w r i t e  t h e  a p e r t u r e  f i e l d  i n  t h e  form 
where f  (g) form an a r b i t r a r y  complete s e t  of func t ions  orthonormal over  t he  
P 
a p e r t u r e  A .  The f i e l d  c o e f f i c i e n t s  + w i l l  then be s t a t i s t i c a l l y  independent 
Pm 
f o r  d i f f e r e n t  v a l u e s  of m.  2  1 
Because we assume t h a t  WT >>I,  t h e  e igenvalues  g a r e  given approximately 
m 
i n  terms of t h e  s p e c t r a l  d e n s i t y  ~ ( w )  of t h e  o b j e c t  l i g h t .  They sum t o  1, 
and by Eqs. (1.2) and (2.9) and t h e  or thonormal i ty  of t h e  e igen func t ions  y m ( t ) ,  
There a r e  roughly WT s i g n i f i c a n t  temporal modes i n  t h e  expansion of IJJ a  (r, t )  
a s  i n  Eq. (2.10) . 
The c o e f f i c i e n t s  $  f o r  each temporal mode l abe l ed  by m a r e  convenient ly  
Pm 
l i s t e d  as a column v e c t o r  $  , whose he rmi t i an  conjugate  row v e c t o r  $  + l i s t s  
-m - m 
* t h e i r  complex conjugates  + The $ a r e  a l s o  circular-complex gauss i an  
pm ' Pm 
random va r i ab l e s19 ;  i n  terms of t h e  a p e r t u r e  f i e l d  they a r e  g iven  by 
By us ing  Eqs. (2 .2)  and (2.9) i t  can  be shown t h a t  t h e i r  covar iances  a r e  
1 * 
d = (T gm 'Ppq + N 6 ) 6*' 
';i E(dpm qn P q 
where 6 is  t h e  Kronecker d e l t a  symbol and 
nm 
is  an element of a  covariance ma t r ix  cp depending on t h e  rad iance  B ( 2 )  of t h e  
rJ 
o b j e c t  p lane  through E q s .  (2.5) and (2.6) .  
The c o e f f i c i e n t s  I) con ta in  a l l  t h e  informat ion  p re sen t  i n  t h e  a p e r t u r e  
Pm 
f i e l d  t )  dur ing  the  b a s i c  i n t e r v a l  (0, T).  The j o i n t  p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  (p.  d .  f . )  of n  of t h e s e  c o e f f i c i e n t s ,  cond i t i ona l  on t h e  a c t u a l  
r ad i ance  p a t t e r n  concurren t ly  exposed a t  t h e  a p e r t u r e  p lane ,  has  t h e  complex 
gauss i an  form 19  
where I i s  t h e  i d e n t i t y  ma t r ix  and d e t  s t a n d s  f o r  t h e  determinant .  L a t e r  i t  
- 
w i l l  be  p o s s i b l e  t o  i n c r e a s e  n beyond a l l  bounds. 
111. The Likel ihood Ra t io s  and Thei r  Decomposition 
I f  t h e  r e c e i v e r  is  t o  dec ide  wi th  minimum p r o b a b i l i t y  of e r r o r  which 
p a t t e r n  B(2) i s  being exposed a t  t h e  o b j e c t  p l ane ,  i t  must determine t h e  
p o s t e r i o r  p r o b a b i l i t y  of each p a t t e r n ,  g iven  t h e  a c t u a l  f i e l d  $ (5, t )  observed 
a  
dur ing  t h e  i n t e r v a l  (0, T) ,  and i t  must s e l e c t  t h e  p a t t e r n  and i t s  a s soc i a t ed  
message symbol having t h e  g r e a t e s t  p o s t e r i o r  p r o b a b i l i t y .  l7 The p o s t e r i o r  
p r o b a b i l i t y  of a  g iven  r ad iance  p a t t e r n  B(LI) i s  p r o p o r t i o n a l  t o  t h e  c o n d i t i o n a l  
p. d .  f  . p(IJJ IB) and t o  t h e  p r i o r  p r o b a b i l i t y  of t h e  p a t t e r n .  Equ iva l en t ly ,  i t  
is  p ropor t iona l  to  t h e  l i k e l i h o o d  r a t i o  
obta ined  by d i v i d i n g  p($ IB) by t h e  j o i n t  p. d .  f  . po (IJJ) of t h e  c o e f f i c i e n t s  ' 
... 
*Pm 
when no l i g h t  a r r i v e s  from t h e  o b j e c t  p l ane  and background l i g h t  a l o n e  i s  
p re sen t  a t  t h e  a p e r t u r e .  This  p. d .  f .  i s  obta ined  by s e t t i n g  = 0  ... i n  Eq. 
~ ~ ( $ 1  -, = (2n) -n n (de t  N ;)-I exp[- - 2  I# ..m + N - ~  ..m I .  
The l i k e l i h o o d  r a t i o  can then  be w r i t t e n  as 
where t h e  log- l ike l ihood r a t i o  Z is  g iven  by 
we have used t h e  r u l e 2 2  t h a t  f o r  any p o s i t i v e  d e f i n i t e  ma t r ix  Pl, i n  d e t  M = 
Tr(Rn M ) ,  Tr s tanding  f o r  t h e  t r a c e  of a mat r ix .  A t  t h i s  p o i n t  t h e  t o t a l  
." 
number n of c o e f f i c i e n t s  JI included can be made i n f i n i t e ,  so  t h a t  a l l  t h e  
Pm 
informat ion  i n  t h e  a p e r t u r e  f i e l d  i s  taken i n t o  account .  The log- l ike l ihood 
r a t i o  Z remains f i n i t e  i n  t h i s  passage t o  t h e  l i m i t  n -+ -. 
The r e c e i v e r  can determine by ope ra t ions  on i t s  a p e r t u r e  f i e l d  $ (g ,  t )  a 
t h e  s t a t i s t i c  Z a s soc i a t ed  w i t h  each p a t t e r n  B(u) - i n  t h e  ensemble, and i t  can 
u s e  t h e  Z ' s  t o  c a l c u l a t e  t h e  p o s t e r i o r  p r o b a b i l i t y  of each p a t t e r n .  The Z ' s ,  
t h e r e f o r e ,  con ta in  a l l  t h e  informat ion  i n  t h e  a p e r t u r e  f i e l d  r e l e v a n t  t o  t h e  
r e c e p t i v e  f u n c t i o n  of t h e  o p t i c a l  instrument  a s  p a r t  of t h e  communication 
system. We now wish t o  express  each Z a s  a weighted sum of independent random 
v a r i a b l e s  t h a t  do no t  depend on t h e  p a t t e r n s  B(u).  This  w i l l  r e q u i r e  t h e  
. 
assumption t h a t  the  average energy received from each p a t t e r n  during t h e  i n t e r v a l  
(0, T) i s  much l e s s  than  NMWT. 
Each r ad iance  p a t t e r n  B(u) i s  expanded i n  a common s e r i e s  of or tho-  
normal f u n c t i o n s  ,& . (9) , 
J 
The p a t t e r n s  a r e  now d i s t i ngu i shed  by t h e i r  s e t s  ( b . 1  of expansion c o e f f i c i e n t s .  
J 
Through Eqs. (2 .5 ) ,  (2 .6) ,  and (2.16) t h e r e  is  a corresponding decomposition of 
t h e  covar iance  m a t r i c e s  9, 
and we r e q u i r e  t h e  m a t r i c e s  v t o  be or thogonal  i n  t h e  sense  t h a t  
-j . 
where t h e  p a r e  c e r t a i n  p o s i t i v e  cons t an t s .  From Eqs. (2 .5 ) ,  (2 .6) ,  and (2.16) k 
i t  i s  no t  hard t o  show t h a t  
where 22 
4 i) = A I exp (ik: * :/R) d2, 
is  t h e  Four i e r  t ransform of t h e  i n d i c a t o r  f u n c t i o n  of t h e  a p e r t u r e ,  
In  o r d e r  f o r  Eq. (3.7) t o  hold ,  t h e  f u n c t i o n s  B. (u)  must be e igen func t ions  of 
J - 
t h e  i n t e g r a l  equat ion  
This  same equat ion  a r o s e  i n  ana lyz ing  the  r e s o l u t i o n  of d e t a i l s  i n  t h e  o b j e c t  
*lane.18 The c o n s t a n t s  p i n  Eq. (3.7) a r e  r e l a t e d  t o  t h e  e igenvalues  p  2 j j 
through 
I n  terms of t h e  ma t r i ce s  c p .  we d e f i n e  t h e  random v a r i a b l e s  
*J 
where 
i s  a cons t an t  making t h e  expected v a l u e  of z vanish  when no o b j e c t  l i g h t  i s  j 
p re sen t .  
Under t h e  assumption t h a t  E/NMWT<< 1, t h e  log- l ike l ihood r a t i o  Z i n  
Eq. (3.4)  can be  w r i t t e n  approximately a s  
where C and C ' a r e  known c o n s t a n t s  depending on t h e  r ad i ance  p a t t e r n  B(y), bu t  B B 
n o t  on t h e  a p e r t u r e  f i e l d  $ ( r ,  t ) .  This  i s  t h e  th re sho ld  approximation. 1 5  
a -  
Given t h e  d a t a  z t h e r e f o r e ,  t h e  r e c e i v e r  can determine,  through t h e  Z ' s  j ' 
de f ined  by Eq. (3 .14) ,  t h e  p o s t e r i o r  p r o b a b i l i t y  of each p a t t e r n  and thence 
make i t s  d e c i s i o n s  i n  t h e  optimum fash ion .  The z . ' s  c o n s t i t u t e  i n  t h i s  approxi- 
J 
mation a s e t  of s u f f i c i e n t  s t a t i s t i c s .  
When a s  assumed h e r e  WT >> 1, fur thermore ,  t h e  z 's a r e  s t a t i s t i c a l l y  j 
independent gauss ian  random v a r i a b l e s .  I n  t h e  presence of a p a r t i c u l a r  r ad i ance  
p a t t e r n  B(u) , t h e  expected va lue  of z is ,  by Eqs. (2.131, (2 -151, (3.61, (3 .71,  
- j 
and (3 .11) ,  
where 
and t h e i r  covar iances  a r e  
independent ly of B(u),  - when E << NMWT. The demonstrat ion t h a t  our approximations 
a r e  v a l i d  when WT >> 1 and E/NMWT << 1 is given i n  Appendix A. The z 's a r e  j 
approximately gauss ian  a s  a  consequence of t he  c e n t r a l  l i m i t  theorem of 
s t a t i s t i c s ;  Eq. (3.12) d e f i n e s  them a s  t h e  sum of a  l a r g e  number--roughly WT-- 
of independent random v a r i a b l e s .  Being gauss ian  and uncor re l a t ed ,  they a r e ,  i n  
t h i s  approximation, s t a t i s t i c a l l y  independent.  
I V .  The Mutual I n f o r m a t i o n  
S i n c e  t h e  p a t t e r n s  B(y) cor respond  t o  s p e c i f i c  s e t s  of c o e f f i c i e n t s  b j 9  
t h e  communication sys tem can be  regarded  as one t h a t  t r a n s m i t s ,  e v e r y  T s e c o n d s ,  
a set of  numbers b and r e c e i v e s  t h e  set o f  g a u s s i a n  random v a r i a b l e s  z . It j j 
is  e q u i v a l e n t  t o  a set of  p a r a l l e l  c h a n n e l s  w i t h  a d d i t i v e  g a u s s i a n  n o i s e ;  t h e  
s i g n a l - t o - n o i s e  r a t i o  i n  t h e  j - t h  channe l  is  
where by Eqs. (3.11) and (3.16) d .2is p r o p o r t i o n a l  t o  t h e  e i g e n v a l u e  p of t h e  
J j 
i n t e g r a l  e q u a t i o n ,  Eq. (3 .10) .  
When t h e  o b j e c t  p l a n e  0 is  r e c t a n g u l a r  and i t s  l e n g t h  b and i t s  w i d t h  b 
X Y 
a r e  much g r e a t e r  t h a n  t h e  w i d t h  of t h e  k e r n e l  I $ (!) 1 of Eq.  (3  . l o ) ,  t h e  
e i g e n v a l u e s  p are approx imate ly  g i v e n  by t h e  s p a t i a l  F o u r i e r  t r a n s f o r m  of j 
1 d (y) 1 e v a l u a t e d  a t  t h e  p o i n t s  of a r e c t a n g u l a r  l a t t i c e  whose c e l l s  measure  
(2) 
= (AR/A) IA ( jx yx, j Y ) , Pj  Y Y 
- 
x 
= hR/bx9 
Y 
= A R / ~  , (4.2') 
Y 
where j = (jx, j ) is a p a i r  of i n t e g e r s  r e p l a c i n g  t h e  p r e v i o u s  index  j ,  and 22 
- Y 
is  t h e  s e l f - c o n v o l u t i o n  of t h e  i n d i c a t o r  f u n c t i o n  of t h e  a p e r t u r e .  The 
s i g n a l - t o - n o i s e  r a t i o  i n  t h e  c h a n n e l  j i s  
For a  r e c t a n g u l a r  a p e r t u r e  a  x a  
X Y  
The channels  f o r  which 1 j I y  > a  o r  1 j 1 yy > a  have, t he re f  o r e ,  n e g l i g i b l e  
X X X Y 
s igna l - to-noise  r a t i o .  ( ~ q .  (4.4) is  no t  exac t ,  b u t  we can be s u r e  t h a t  t h e  
t r u e  e igenvalues ,  though no t  zero  i n  t h i s  reg ion ,  a r e  exceedingly sma l l . )  
1 8  These channels ,  a s  d i scussed  p rev ious ly ,  correspond t o  d e t a i l s  i n  t h e  o b j e c t  
whose s i z e s  a r e  sma l l e r  than  ( S x  , . S y )  = (AR/A h R / a  ), t h a t  is ,  sma l l e r  x , Y 
than  a  convent iona l  r e s o l u t i o n  i n t e r v a l  i n  t h e  o b j e c t  p lane  0 .  Information i n  
such f i n e  d e t a i l s  is  l o s t  i n  t h e  no i se .  
The mutual in format ion ,  per  T-second i n t e r v a l ,  between t h e  o b j e c t  p l ane  
and t h e  a p e r t u r e  p l ane  is  i n  t h i s  approximation g iven  by 23 
where 
and p'({zj} 1 { b j ) )  i s  t h e  j o i n t  c o n d i t i o n a l  p. d .  f .  of t h e  z .  's, given t h e  c o e f f i -  
J 
c i e n t s  b  spec i fy ing  t h e  p a t t e r n  B(2); p({z , }  l i b .  1)  has t h e  gauss ian  form wi th  j J J 
c o n d i t i o n a l  means and covar iances  given by Eqs. (3.15) and (3.17).  Here q ({bj  1 )  
is  t h e  j o i n t  p.  d. f .  of t h e  c o e f f i c i e n t s  b  f o r  t h e  ensemble of p a t t e r n s  B(y) j 
i n  'terms of which messages a r e  t r ansmi t t ed .  By us ing  t h e  gauss ian  form of 
p ({z j} l{b j ) )  we can w r i t e  the  informat ion  a s  
a f i n i t e  number n of c o e f f i c i e n t s  b  a r e  included he re ,  and f i n a l l y  t h e  l i m i t  b j 
n -+ 03 i s  taken. b  
We can proceed no f a r t h e r  wi thout  knowing t h e  j o i n t  p. d .  f .  q ({bj}) ,  
which is needed i n  Eq. (4.7) f o r  c a l c u l a t i n g  p ( { z .  1)  . I n  gene ra l ,  t h i s  j o i n t  
J 
p. d .  f ,  w i l l  be  d i f f i c u l t  t o  determine,  involv ing ,  f o r  i n s t ance ,  e x t e n s i v e  
measurements of a l a r g e  number of t y p i c a l  scenes  a s  represented  by r ad iance  
d i s t r i b u t i o n s  B(9) on t h e  o b j e c t  p lane .  The c o n s t r a i n t  t h a t  B(2) must b e  non- 
n e g a t i v e  w i l l  r e s t r i c t  t h e  c l a s s  of p o s s i b l e  j o i n t  p.  d .  f . ' s  of t h e  c o e f f i c i e n t s  
b; i n  t h e  expansion of Eq. (3.5). 
J 
The s imp les t  assumption a t  t h i s  p o i n t  i s  t h a t  t h e  rad iance  B(u) - i s  a 
r e a l i z a t i o n  of a  homogeneous s p a t i a l  gauss i an  random process  wi th  a  covar iance  
f u n c t i o n  a (u - u2) whose width is  of t h e  o rde r  of t h e  s i z e  of t y p i c a l  B -1 - 
d e t a i l s  i n  t h e  scene.  The mean of t h e  gauss ian  d i s t r i b u t i o n  i s  taken  l a r g e  
enough s o  t h a t  B(u) becomes nega t ive  only  wi th  n e g l i g i b l e  p r o b a b i l i t y .  The 
average c o n t r a s t  of t h e  r e s u l t i n g  scenes  w i l l  be of t h e  order  of 
and n e c e s s a r i l y  small . .  
When t h i s  gauss i an  assumption i s  made, t h e  c a l c u l a t i o n  of mutual  in format ion  
is  s tandard24 and l e a d s  t o  t h e  r e s u l t  
where P p  i s  a  ma t r ix  whose d iagonal  elements a r e  d and where the  ma t r ix  g has k 
elements r 
A s  shown i n  Appendix B ,  t h e  mutual information can be  w r i t t e n  a s  
where A of t h e  a r e a  of t h e  o b j e c t ,  
0 
and 
i s  t h e  Four i e r  t ransform of t h e  covar iance  f u n c t i o n  u (u) of t h e  o b j e c t  r ad i ance .  B - 
This  r e s u l t  has  a form t h a t  has  f r e q u e n t l y  appeared i n  t h e  l i t e r a t u r e ;  on ly  t h e  
c o n s t a n t s  involved a r e  somewhat d i f f e r e n t .  I n  p a r t i c u l a r ,  t h e  bandwidth W of 
t h e  o b j e c t  l i g h t  and t h e  t i m e  T  of obse rva t ion  appear  e x p l i c i t l y .  
It has been assumed i n  going from Eq. ( 4 . 9 )  t o  Eq. (4.11) t h a t  t he  o b j e c t  
p l ane  is  much l a r g e r  than  t h e  convent iona l  r e s o l u t i o n  element, ARID, where D i s  
t h e  diameter  of t h e  a p e r t u r e .  The mutual in format ion  is  then  p r o p o r t i o n a l ,  a s  
might b e  expected,  t o  t h e  a r e a  of t h e  o b j e c t  p lane .  I f  A i s  t h e  diameter  of  
t y p i c a l  d e t a i l s  i n  t h e  scene ,  t h a t  i s ,  i f  A i s  t h e  width of t h e  covar iance  
f u n c t i o n  u ( u ) ,  t h e  wid th  of i t s  t ransform C ( r )  i s  of t h e  order  of ARIA; and B - B - 
when ARIA >> D ,  o r  A << ARID, t h e  v a l u e  of t h e  i n t e g r a l  i n  Eq. (4.11) depends 
c h i e f l y  on the  d i ame te r  of t he  a p e r t u r e .  That is ,  d e t a i l s  of s i z e  A much l e s s  
18 
than  ARID do no t  c o n t r i b u t e  t o  t h e  mutual in format ion ,  and a s  we have seen ,  
t h e i r  ampli tudes cannot be est imated by t h e  r e c e i v e r .  
For a  gauss ian  covar iance  
u (y) = s exp(- ~ ~ 1 2 ~ ~ )  B B 
and a  c i r c u l a r  a p e r t u r e  of r a d i u s  a ,  f o r  which 
1 i 2 )  (5)  = ( 2 ~ 1 ~ )  (0 - s i n  0  cos 01, 
0  = cos-I ~ / ~ l / 2 a ) ,  
t h e  mutual in format ion  is  g iven  by 
I(B;  $a) = M n  s in (nx )  kn{l + T-I exp[- 4n2y2(1 + cos  nx) ]  i,' 
x (x -  IT-^ s i n  nx)) dx, 
Here M i s  t h e  number of s p a t i a l  degrees  of freedom i n  t h e  a p e r t u r e  f i e l d .  16 
I n  F ig .  2  we have p l o t t e d  I(B;  $ ) /M,  t h e  mutual in format ion  per  s p a t i a l  
a 
degree  of freedom per  T-second i n t e r v a l ,  ve r sus  D f o r  va r ious  v a l u e s  of 6 
y = A / & .  Here D i s  t h e  s igna l - to-noise  r a t i o  a s s o c i a t e d  wi th  a  rece ived  6  
energy E which is  t h e  t o t a l  energy t h a t  would be rece ived  from a c i r c l e  of 6' 
r a d i u s  6  = AR/a on t h e  o b j e c t  p lane  were t h e  r ad i ance  uniformly equal  t o  s B ' 
t he  s tandard  d e v i a t i o n  of t h e  r ad i ance  p a t t e r n s  B(u).  A t  each v a l u e  of D t h e r e  6  
i s  a  va lue  of t h e  r a t i o  A16 t h a t  y i e l d s  maximum mutual information;  t h i s  optimum 
r a t i o  dec reases  as t h e  q u a n t i t y  D ' 2  i nc reases .  The g r e a t e r  t he  va r i ance  o of 6  B 
the  r ad i ance  B(u) ,  t he  more t h e  f i n e  d e t a i l s  c o n t r i b u t e  t o  t h e  informat ion  
- 
t r a n s f e r r e d .  
Appendix A .  The S u f f i c i e n t  S t a t i s t i c s  
When i n  t h e  log- l ike l ihood r a t i o  Z of Eq. (3.4) t h e  terms (I ., + N-I T gm cp)-l 
- 
and ~ n ( 1  + N-I T g cp) a r e  expanded i n  power s e r i e s ,  we o b t a i n  
m ,  
where z i s  de f ined  i n  Eq. (3.12) and b i n  Eq. (3 .5) .  The terms omit ted con ta in  j j 
h ighe r  powers of than  t h e  second. We wish t o  show t h a t  t h e  terms i n  y2 can be  
- - 
neglec ted  when << NMWT, where is  t h e  average energy rece ived  from t h e  o b j e c t  
dur ing  t h e  obse rva t ion  i n t e r v a l  (0 ,  T) .  Ca l l i ng  those  terms Z',  we f i n d  f o r  
t h e i r  expected va lue ,  from Eqs. (2.91, (2 .15) ,  
When WT >> 1, t h e  i n t e g r a l  involv ing  t h e  temporal coherence func t ion  is  approxi-  
mately equal  t o  
where X(w) i s  t h e  s p e c t r a l  d e n s i t y  def ined  i n  Eq. ( 1 . 3 ) .  Ry us ing  Eqs. (2.5), 
( 2 . 6 ) ,  and (3 .9)  we can w r i t e  t h e  t r i p l e  s p a t i a l  i n t e g r a l  a s  
= ( ~ T R ~ ) - ~  111 / / / B ( y l )  B(y2) B(y3) 
O O O A A A  
The p r i n c i p a l  c o n t r i b u t i o n  t o  t h i s  i n t e g r a l  comes from t h e  mean r ad iance  8, 
which i s  cons t an t  over an a r e a  much broader  than t h e  width of t h e  k e r n e l  ( g ) .  
The f u n c t i o n s  (y2 - y 3 )  and $ (y3 - :I) can t h e r e f o r e  be replaced by 
( A R ) ~  A-' 6(y2 - 3 )  and (hR12 A - ~  6(u3 - 3) without  much e r r o r ,  and Eq. (A3) 
i s  approximately 
Tr cp3 = ( ~ T R ~ ) - ~  ( A R ) ~  A 
- 
( ~ I T R ~ ) - ~  ( A R ) ~  A  Ao  B3* 
For t h e  term of f i r s t  o rde r  i n  c p ,  s i m i l a r l y  
- 
from E q .  (2.13) ,  where by t h e  same method a s  was used t o  o b t a i n  E q .  (A4) 
The r a t i o  of t h e  expected v a l u e s  of Z' and Z i s ,  t h e r e f o r e ,  by Eqs. (A2), (A4), 
For a  unimodal s p e c t r a l  d e n s i t y  X(w)  such a s  a  r e c t a n g u l a r  o r  a  Lorentz  
spectrum, t h e  i n t e g r a l  over  w i n  Eq. (A7) w i l l  b e  of t h e  o r d e r  of w - ~ ,  and 
w e  f i n d  
- 
E(z: IB) /E(zIB)  = E/WT = (B/Nw) ( X ~ / ~ I T ) ,  (A8 ) 
where 
is t h e  average energy rece ived  from t h e  o b j e c t  p l ane  and M i s  t h e  number of 
s p a t i a l  degrees  of freedom i n  t h e  a p e r t u r e  f i e l d ,  g iven  by E q .  (4 .16) .  16  
Thus t h e  terms with an  e x t r a  f a c t o r  N - ~  T  g  i n  t h e  log- l ike l ihood r a t i o ,  
m ,  
Eq. (Al ) ,  c o n t r i b u t e  on t h e  average  a  f r a c t i o n  (E/NMWT) of t h e  main terms, 
and when E << NMWT we can n e g l e c t  them. It can be shown t h a t  t h e  e r r o r  i n  
t h e  v a r i a n c e  of Z s o  made i s  a l s o  of r e l a t i v e  o rde r  ZINMWT. The approximation 
made i n  Eq. (3.17) a l s o  r e q u i r e s  neg lec t ing  terms of t h e  form N-I T  gm rp 
- 
r e l a t i v e  t o  those  p r o p o r t i o n a l  t o  t h e  i d e n t i t y  mat r ix  I - and i s  v a l i d  whenever 
Appendix B.  The Mutual Information 
When t h e  c o e f f i c i e n t s  b i n  Eq.  (3..14) have gauss ian  d i s t r i b u t i o n s  wi th  j 
means b and covar iances  j 
t h e  s t a t i s t i c s  z a r e  a l s o  gauss ian  wi th  means j 
according t o  Eq. (3 .15) ,  and covar iances  
The entropy of t h e  d i s t r i b u t i o n  of t h e  z 's i s  then  j 
This  i s  t h e  second term i n  Eq.  (4 .8) ,  which when combined wi th  t h e  f i r s t  term 
y i e l d s  f o r  t h e  mutual information 
I 
I@; $a) = Rn d e t  I Ske + o d 1 kR R 
. I 
= - Tr Rn(1 + g D2) 2 - 
a s  i n  E q .  ( 4 . 9 ) )  where 
(D2) = dk2 d k k 0  
Define t h e  mat r ix  
i t  i s  t h e  s o l u t i o n  of t h e  ma t r ix  equa t ion  25 
I n  terms of i t  t h e  mutual in format ion  i s  
1 
I ;  )  = Tr F(z)  dz .  2  
By means of t h e  func t ion  
and t h e  or thonormal i ty  of t h e  f u n c t i o n s  d j .  (u) w e  can write Eq. (B7) a s  
J - 
where a s  i n  Eq. (4.12),  
Here w e  have used t h e  expansion 
which fo l l ows  from t h e  i n t e g r a l  equa t ion ,  Eq. (3 .10) ,  and t h e  o r thonorma l i t y  of 
t h e  f u n c t i o n s  1>3. (u) over  t h e  o b j e c t  p l ane  0 .  
J -  
I f  w e  now assume t h a t  t h e  o b j e c t  p l ane  0 i s  much g r e a t e r  t han  t h e  r eg ion  
over which t h e  k e r n e l  I g ( u )  l 2  i s  s i g n i f i c a n t - - t h i s  r eg ion  i s  of t h e  o r d e r  of 
- 
x 6 --, Eq. (B10) can be approximately so lved  by Four i e r  t ransforms ,  and 
6x Y 
H(u, y ;  z )  = H f ( u  - y ;  z )  i s  a  func t ion  only  of 2 - v .  We in t roduce  i t s  
Four ie r  t ransform 
which wi th  E q s .  (3.9) and (4.13) permi ts  t h e  Four i e r  t ransform of Eq. (B10) t o  
be w r i t t e n  
h ( z ;  z )  [l + ~ ? ( A R / A ) ~  TB(;) 112)  (? ) I  
where 1L2) (I) i s  de f ined  i n  Eq. (4.3),  EB(g) i n  Eq. (4.13) . 
With H(2, y; z)  a  func t ion  only of y - y, t h e  t r a c e  i n  Eq. (B8) i s  
by Eq. (B14) and t h e  i n v e r s e  t ransform t o  E q .  (B13) . This  can now be  
s u b s t i t u t e d  i n t o  Eq. (B8) and i n t e g r a t e d  over  z t o  y i e l d  Eq.  (4.11).  
Footnote 
3( Thi s  r e s e a r c h  was c a r r i e d  o u t  under Grant NGL 05-009-079 from t h e  
Nat iona l  Aeronaut ics  and Space Adminis t ra t ion .  
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Figu re  Capt ions 
F ig .  1. Geometrical c o n f i g u r a t i o n  of o b j e c t  p l ane  0 and a p e r t u r e  p l a n e  A .  
Ligh t  from t h e  o b j e c t  and t h e  background f a l l s  on p l ane  A from t h e  l e f t .  
I is an  o p t i c a l  ins t rument  process ing  t h e  f i e l d  J, ( r ,  t )  on p l ane  A and 
a  - 
func t ion ing  a s  a r e c e i v e r .  
F ig .  2 .  Mutual in format ion  I ( B ;  J, )/M p e r  s p a t i a l  degree  of freedom v e r s u s  
a  
s igna l - to -noise  r a t i o  D Curves a r e  l a b e l e d  by t h e  r a t i o  616, A measuring 6 '  
t h e  s i z e s  of o b j e c t  d e t a i l s ,  6 t h e  r e s o l u t i o n  i n t e r v a l  on t h e  o b j e c t  p lane .  


